Abstract. A numerical scheme for the non-stationaryBoltzmann equation in the incompressible Navier-Stokes limit is developed. The scheme is induced by the asymptotic analysis of the NavierStokes limit for the Boltzmann equation. It works uniformly for all ranges of mean free paths. In the limit the scheme reduces to the Chorin projection method for the incompressible Navier-Stokes equation. Numerical results for di erent physical situations are shown and the uniform convergence of the scheme is established numerically.
1. Introduction. The Boltzmann equation is used to describe rare ed gas ows in many applications. Frequently one encounters problems, where the gas is becoming dense, i.e. the mean free path between the molecules is becoming small. This situation is mathematically described by an asymptotic analysis. Depending on the physical situation, i.e. the kind of scaling, di erent limit equations like Euler or Navier-Stokes equations are obtained. If the mean free path and the Mach number are simultaneously becoming small while the Reynolds number is kept xed, the limit equations are the incompressible Navier-Stokes equations, see 3, 11] .
The main problem for numerical work on kinetic equations in such regimes is the sti ness of the equations. Numerical schemes like the usual particle methods or nite di erence schemes for kinetic equations have to use in this situtation a very ne and expensive discretization with a discretization size depending on the mean free path to guarantee the stability of the scheme. For particle methods this means that a large number of particles has to be used. In particular, for problems involving interior, low Mach number ows serious di culties appear. The above schemes are extremely time consuming in these situations. For solution methods for the Boltzmann equation we refer to 4, 2, 21] .
The general aim of work on numerical schemes in the above limits is to develop numerical schemes with a discretization size, which can be choosen independent of the involved small parameters, such that the scheme is working uniformly in all regimes. Moreover, in the limit a reasonable discretization of the limit equations should be obtained. Recently a lot of work on numerical methods for kinetic equations in sti regimes has been done. For example, transport equations in the di usion limit have been considered, see 15, 17, 19, 18, 20] and references therein. Kinetic equations with a scaling leading to rst order hydrodynamic equations are treated in 6, 10]. Work on implicit particle methods for the full Boltzmann equation has been presented in 5] .
The present work considers a nite di erence scheme for non-stationary kinetic equation working uniformly in the incompressible Navier-Stokes limit. We concentrate on the linear case, however, possible extensions to the nonlinear case are indicated. We mention that the scheme can be written in a particularly simple form for kinetic model FB Mathematik und Informatik, Arnimallee 2-6, FU Berlin, 14195 Berlin, Germany, (klar@math.fu-berlin.de). 1 2 AXEL KLAR equations like the BGK-model. In the scheme the di erent space and time scalings involved in the problem are treated with a semi-implicit time discretization, using the ideas developed in 17]. In particular, use is made of the standard perturbation procedure leading from the Boltzmann equation to the incompressible Navier-Stokes equation to obtain a suitable time discretization. Moreover, we describe the space discretization in detail. In the small mean free path limit the scheme tends to the well known Chorin projection method for the incompressible Navier-Stokes equations. The space discretization is done in such a way that the MAC discretization for the Navier-Stokes equations is obtained in the small mean free path limit. The velocity discretization is not considered in this paper. For model problems like the BGK model a uniform discretization in velocity space is usually used. However, for the full Boltzmann equation a suitable discretization of velocity space is more di cult, see 22] for a nite di erence approach. We concentrate here on the time and space discretizations. They can be used together with an arbitrary velocity discretization. Section 2 contains a description of the results of the standard asymptotic procedure. Section 3 contains the presentation of the time discretization of the linearized equations. In Section 4 the low Mach number limit of the scheme leading to the Stokes equations is investigated. Section 5 shows brie y how the full spatial discretization is done. Section 6 gives some remarks on the extension of the procedure to the nonlinear case. Section 7 contains a numerical investigation of the scheme.
2. The Equations. We consider kinetic equations of the form @ t F + v r x F = C(F; F); Introducing the space-time scaling x ! x and t ! t 2 , where is the mean free path, one obtains the scaled equations
With the standard perturbation procedure see, e.g. 3, 11], the limit equation for (2.2) as tends to 0 is derived in the following way: Solutions of (2.2) are sought in the form
where M is the standard Maxwellian with zero drift 3 2 exp (? jvj 2 2 ):
This represents the low Mach number limit. Setting this into the equation yields
with the linearization L of the collision operator C Lf(x; v; t) = 2M ?1 C(M; Mf) = (Kf ? f)(x; v; t); NUMERICAL LOW MACH NUMBER LIMIT OF KINETIC EQUATIONS 3 where = (v) and the integral operator K is de ned by
We assume that L : D(L) H ! H with H = L 2 (Mdv) is a selfadjoint nonpositive operator, K is compact in L 2 (Mdv) and 0 , where 0 is some constant. The projection onto the space of collision invariants 1; v; v 2 , the kernel of L, is de ned by Pf =< f > +v < vf > + < jvj 2 ? 3 3 f > jvj 2 ? 3 2 ; where
Moreover, we assume that the following coercivity estimate holds:
? < Lf; f > H 0 jf ? A simple example is given by the BGK model, where = 1 and therefore = 1.
In the following we will mainly concentrate on the linearized versions of the above equations. This means we consider
The associated macroscopic equation is the Stokes problem jv nj x (0; v; t)M(v)dv: Then x (?1; v; t) = 1 (x; t) + v u 1 (x; t) + jvj 2 ? 3 2 T 1 (x; t); x 2 @D with u 1 (x; t) n = 0. This yields the macroscopic boundary conditions u(x; t) = u 1 (x; t) at x 2 @D for (2.8).
Initial and boundary conditions for the kinetic equation have to t in the limit tending to 0 to boundary conditions that are consistent with the Stokes equations.
3. The Numerical Scheme: Time Discretization. In this section we develop a scheme for the kinetic equation in the small mean free path limit that is able to treat varying mean free paths with a xed discretization. It is not necessary to adapt the time step once the mean free path tends to 0. Moreover, the scheme tends in the limit ! 0 to a standard discretization of the incompressible Navier-Stokes equation, the Chorin projection method.
These points are obviously not full lled for a simple explicit discretization of (2.7), since, as tends to 0, the time step must be shrinked with in order to treat the advection term (the CFL condition has to be ful lled) and the collision term properly. Moreover, using implicit discretizations for (2.7) it is -due to the di erent advection ( 1 ) and collision ( 1 2 ) time scales -not clear, whether the advection has to be treated implicitely or not.
We proceed in a similar way as in 17] and use the above perturbation procedure and a fractional step scheme with a semi-implicit procedure. In order to be able to treat the di erent time scales involved in problem (2.7) in the correct way, we write f as f = f 0 + f 1 h can be chosen arbitrary, we take h(x; v; t) = x (0; v; t); x 2 @D; v n > 0; where x is the solution of (2.11). We need to prescribe the mass ux Then, f 0 + f 1 ful lls the original equation (2.7). Moreover, the initial and boundary conditions are ful lled as well. This means f = f 0 + f 1 is the desired solution of the original problem. However, we do not use system (3.1) directly as in 17]. This would not give a reasonable scheme for the incompressible Navier Stokes equations in the limit ! 0.
In order to obtain a good discretization in the small mean free path limit, we rewrite the system in the form 3 f 0 > : The constants and C will be xed later. p gives in the small mean free path limit the pressure. The introduction of the terms S and Z is used in the following to guarantee for the numerical scheme in the limit ! 0 the incompressibility property and to satisfy numerically the Boussinesq relation, respectively. In particular, the connection of the de nition of S with the equation of the pressure is discussed in detail below.
The system of equations (3.4) will now be solved with a fractional step scheme. The splitting is done in such a way that, on the one hand, the rapidly -with 1 2 -varying terms are separated from the slowly varying ones. On the other hand, the splitting is introduced such that the 'pressure' p is treated correctly in the limit ! 0. In the usual projection method for the incompressible Navier-Stokes equations the pressure is treated by solving a Poisson equation in order to guarantee discrete incompressibility. Here p has to be treated in a analogous way in order to guarantee numerically the incompressiblity condition in the small mean free path limit. We consider the splitting
Step 1:
Step 2:
Multiplication of the second equation in Step 1 with jvj 2 3 and integration over v gives
Moreover, using S = jvj 2 5 < jvj 2 3 S >, one obtains from the second equation in Step 1 and (3.5) @ t (f 1 ? jvj 2 5 p) = ? 1 2 (S ? jvj 2 5 < jvj 2 3 S >) = 0: (3.6) That means, the projection of S onto the space orthogonal to jvj 2 is not changed by
Step 1. In the following we describe a semi-implicit discretization to treat the sti ness of the equations as ! 0 in a proper way. To discretize the time derivative a simple rst order time discretization with discretization step t is used. The initial values are f 0 0 (x; v) + f 0 1 (x; v) = g(x; v):
The rst equation in Step 1 is treated in an explicit way. To obtain a discretization for the second equation the equivalent equations (3.5) and (3.6) are considered. This yields
Step The second equation in (3.9) is a Helmholtz equation for p k+ 1 2 . This equation will reduce in the incompressible limit to the ususal Poisson equation for the pressure in the Chorin projection method.
For example for K = P and = 1 (the BGK-model) we obtain 4. The Incompressible Navier-Stokes Limit. In this section we investigate the behaviour of the scheme as tends to 0 for xed t; x. As ! 0 the operators A and B have the following behaviour:
For t xed and small we have due to (3.11) jA Using this we get, that the scheme reduces in the limit, tending to 0, to the following
f k+ 1 Similarly, a standard discretization of the heat transfer equation can be obtained in the limit. 5 . The Fully Discretized Scheme. We proceed in this section by introducing a space discretization for the kinetic problem in R 2 . The space discretization will lead in the small mean free path limit to the MAC grid for the incompressible Navier-Stokes equations. We consider for simplicity the unit cube (x; y) 2 0; 1] 2 . To discretize (3.9) and (3.10) we introduce a staggered grid in the following way: The space derivatives r x f 1 ; r x p are evaluated at the points , where f 0 is evaluated. r x f 0 is evaluated at the f 1 points. and analogously for (x;y) f 1 (x i ; y j ). In particular, the Helmholtz problem in (3.9) is then treated with a standard 5 point di erence scheme. The resulting system is solved by an SOR or CG algorithm. We mention that the required CPU time for the solution of the Helmholtz equation is negligible compared to the other parts of the algorithm, since only the spatial variable is involved. In the limit we get the following discretization of the Stokes problem The Laplace operators are treated by the resulting ve point discretization. This is a standard explicit nite di erence discretization for the Stokes equations as described in 13, 23] Step 2:
p k+1 =< jvj 2 3 f k+1 1 > with S; Z and A ; B as in the linear case. It is important to note that, as before, only the linearized operator is involved in the de nition of the operators A and B .
In the limit tending to 0 we get
f k+ 1 Step 2: 
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The rst example is the simple 1-D case of plane Poiseuille ow between two in nite plates. The ow is induced by a pressure gradient parallel to the plates. The boundary conditions are complete accomodation at the wall. The linearized equations are in this case, see Cercignani 7] : The velocity discretization is done using a straightforward uniform discretization of the velocity space. In order to do this, we reduce the velocity space analytically. In the rst situation (1-D in space) the velocity space can also be reduced to 1-D. In the second situation (2-D in space) the 3-D velocity space is analytically reduced to 2-D, see, e.g. 14].
To obtain positivity and stability of the semi-implicit scheme in the limit tending to 0 one has to take for a xed space discretization a time step t of the size given by formula (5.1). In particular, this means that the size of t is independent of . To obtain positivity and stability for a scheme based on a straightforward explicit discretization with a fractional step approach the time step has to be choosen according to the values of . In particular, for small the step size t has to be choosen of the order 2 . This yields a considerable gain in computing time for small for the semi-implicit scheme compared to an explicit one. Concerning Example 1 we obtain the following results: Our scheme reduces in this case to a scheme similar to the one presented in 17]. The solution u is shown for di erent space discretizations and = 0:01 in Figure 7 .1. We have used x = 0:1; 0:04 denoted in the gure by 'implicit10' and 'implicit25'. In this 1-D situation t has been choosen according to t ( x) 2 2 in all cases. Moreover, the solution of the Stokes equation is plotted. The true kinetic solution has been calculated with a very ne discretization. The solutions are plotted at t = 1:0. In the transport case we refer to 17] for a detailed numerical convergence study, a uniform consistency proof and a comparison of the scheme with explicit and fully implicit schemes.
For Example 2 we have the following: The boundary conditions for the system For the 2-D calculation we obtain that the relation of the CPU times needed for one step of the above semi-implicit scheme and an explicit scheme is approximately 2:1. For small, (5.1) yields a relation of the CPU times for semi-implicit and explicit scheme like 4 2 2 : ( x) 2 , since the time step of the explicit scheme has to be choosen according to t = 2 for small . This means one observes an advantage for the semi-implicit scheme, if one spatial cell contains more than p 8 mean free paths. For the following gures we have choosen the discretization x = y = 0:04. t is choosen according to (5.1). We plot the ow for di erent parameters of ranging from = 1: to = 0:0001 -i.e. from 4 10 ?2 until 4 10 2 mean free paths per cell -at a xed time t in Figures 7.3 to 7.7. For the discretization used here we get an advantage in CPU time compared to the explicit scheme, if < 0:014. Finally, we mention that the results for = 0:00001 are the same as those obtained with the usual projection method with MAC grid.
Conclusions.
A nite di erence scheme has been developed which is suitable for the computation of kinetic equations in the low Mach number limit. The discretization has not to be adapted as the mean free path tends to zero. In particular, the scheme allows the use of coarse, macroscopic grids in space and time. In the limit the projection scheme with MAC grid for the Navier-Stokes equations is obtained. Further numerical work is required to be able to include more complicated collision operators like the full Boltzmann operator in the scheme. In partic- ular, suitable nite di erence discretizations of the velocity space have to be found. For such an approach we refer, e.g., to 22] . Using the present scheme in combination with such a velocity discretization would yield a method for full Boltzmann simulations of low Mach number ows.
